ABSTRACT This paper deals with microwave hyperthermia, presenting a novel way to achieve the blind focusing on the tumor of the electric field radiated by an array of antennas. As in a recently proposed approach, the idea is to determine the antenna excitations by measuring the variation of the electric field arising from a localized variation of the electromagnetic contrast, without requiring any a priori knowledge of the geometry and of the electric properties of the tissues wherein the electromagnetic field propagates (thus, the adjective ''blind''). The first novelty of the new approach is the use of magnetic nanoparticles as contrast agents, which, in addition to being biocompatible, are appealing thanks to the possibility of changing their magnetic contrast, in a fast, remote, and reversible way, by applying an external magnetic field. This allows a reconfigurable focusing through a continuous tuning of the antenna excitations, thereby enabling one to counteract the possible loss of focusing that could occur during the treatment. However, the magnetic nature of the induced contrast variation requires the development of ad hoc strategies for the synthesis of the excitations, which represent the other novelty of the new approach. Its effectiveness has been thoroughly investigated with an exhaustive 2-D numerical analysis, considering as case study that of breast cancer, and further assessed through 3-D realistic numerical simulations.
I. INTRODUCTION
Microwave Hyperthermia (MH) is a modality of cancer thermotherapy, where the selective heating of the tumor tissue is achieved by focusing the electric field (EF) radiated by an array of antennas external to the region of interest (ROI), operating at microwave frequencies [1] , [2] .
Once the array layout (i.e. number, location and type of radiating elements) has been set, the problem in MH is to determine the excitations of the antennas ensuring the focusing of the EF on the tumor, while avoiding hot spots in the surrounding healthy tissue. To this end, several synthesis strategies can be adopted, the simplest (and probably the first) being those based on the time reversal (TR) principle [3] , [4] .
Since then, more sophisticated and performing methods have been proposed, all based on an unconstrained or constrained optimization of a proper objective functional of the antenna excitations [5] - [10] .
However, all these approaches require a more or less accurate knowledge of the geometry and of the electric properties of the ROI, not always available. For instance, the geometry and the internal structure of the ROI are usually acquired at the diagnostic stage, through a MRI or a CT scan. And so, they can be significantly different from those occurring at the therapeutic stage, because the positions of the patient during the MRI or CT and during the hyperthermia session are not the same. This is particularly true for those parts of the human body, like the breast, which are easily deformable.
Even higher can be the uncertainty on the values of electric properties assigned to the different types of tissue. Indeed, they are derived from measurements on ex vivo tissue samples. Therefore, they are neither patient specific nor take into account the influence of in vivo functions, like the bloodstream. In addition, one must take into account that both the geometry and the electric properties of the ROI can change during the treatment (the former, due to possible movements of the patient, the latter due to the variation of the electric properties with the temperature increase), thus leading to a progressive loss of focusing.
In the light of above considerations, approaches that are blind (namely do not require any a priori knowledge on the ROI properties) and possibly reconfigurable are of interest.
Inspired by the new frontier of theranostics, a blind approach has been recently proposed [11] , where the information required for the field focusing is directly measured by the same antenna array employed in the treatment, at a ''diagnostic'' stage previous to the treatment.
This approach exploits nano-composites, like microbubbles or carbon nano-tubes, as contrast agents, locally supplied to the tumor, in order to induce a detectable variation of the electric contrast of the tumor. The antenna excitations are then determined by measuring (and processing) the variation of the EF arising from the variation of the electric contrast of the tumor, without requiring any a priori knowledge on the geometry and on the electric properties of the ROI, as well as on its position with respect to the antenna array. The main drawback of this approach is that, once infused, the electric properties of such nano-composites cannot be modified, therefore, the electric contrast of the tumor can be changed only once: when the nano-composites are inserted into it. Moreover, the approach is sensitive to any other variation of the electric scenario which could occur between the measurements of the EF performed before and after the injection of the contrast agent (e.g., due to the breathing, the heartbeat and so on).
As in the case of microwave imaging [12] , a possible way to overcome these drawbacks has been very recently proposed, namely the use of magnetic nano-particles (MNP) as contrast agents [13] .
First of all, MNP are appealing because they can be made biocompatible and are currently adopted as contrast agents in MRI. Concerning the therapeutic application, in the European Union their use is approved in the hyperthermic treatment of brain and prostate cancer, and is under consideration in the United States of America [14] . Secondly, MNP can be directly supplied to the tumor (in form of colloidal suspension) through a direct injection, which has the advantage to be both minimally invasive and to allow the accumulation of a large amount of MNP (hundreds of mg of MNP), thus enabling to induce a remarkable (i.e. well detectable) magnetic contrast variation of the tumor [15] , [16] . Moreover, once injected, MNP spread out very slowly in the surrounding tissues, so that they remain concentrated into the tumor for long time, thus allowing the application of multiple sessions of hyperthermia without the need of re-injecting them. Last, but not least, their microwave magnetic contrast can be changed, in a fast (much faster than the rate characterizing the breathing, the heartbeat or any other movement), remote and reversible manner, by applying an external polarizing magnetic field (PMF) [15] , [16] . This feature makes the blind focusing scarcely sensitive to the variations of the scattered field not due to the injected contrast agent. Moreover, it allows an online and continuous tuning of the antenna excitations (hence a reconfigurable focusing of the EF), thus enabling one to counteract possible loss of focusing due to changes of the electric scenario of the ROI during the treatment, in particular those due to the temperature variations.
However, due to the magnetic nature of the contrast variation induced by the MNP, one cannot exploit the procedure devised in [11] for the synthesis of the antenna excitations, as it works for a localized electric contrast change and not for a magnetic contrast variation. Indeed, as shown in [11] , in this case the field focused on the tumor would be the magnetic field (MF) rather than the EF, as required.
Hence, the first aim of this paper is to provide a sound mathematical framework to the problem of determining the excitations required for blindly focusing the EF by exploiting the measured differential scattering matrix (DSM), resulting from the variation of the MNP magnetic contrast induced by an applied PMF. This allows not only to elucidate the synthesis strategy already suggested in [13] , assessing the assumptions lying at its basis, but also to develop a novel strategy, analogue to that presented in [11] , which estimates the antenna excitations as a specific higher order singular vector of the singular value decomposition (SVD) [17] of the DSM. The effectiveness of both the synthesis strategies has been numerically tested in the case of a 2D geometry, exploiting as model a slice of a realistic human breast. A comprehensive comparison between the two strategies and a standard TR approach is also provided. Moreover, their robustness against the measurement noise has been assessed. Finally, we report the results of a 3D analysis, carried out by using the same breast model, which confirm the effectiveness of the proposed approach.
The paper is organized as follows. The formulation of the problem and the theoretical background underlying our approach are reported in Section II. The devised synthesis strategies are presented in Section III. The results of the numerical analysis aimed at assessing the performance of the proposed approach are reported in Section IV. Conclusions follow in Section V.
II. FORMULATION OF THE PROBLEM AND THEORETICAL BACKGROUND
The conceptual scheme of the MNP-guided FMH is shown in Fig. 1 . As already said, the approach relies on the measurement of the DSM, say S, resulting from the variation of the magnetic contrast of the MNP in the tumor induced by switching ''on'' and ''off'' an applied PMF [12] .
From the electromagnetic point of view, the system is made of an array of N (Tx/Rx) antennas located on an ''observation'' surface ( in Fig. 1 ), radiating in presence of an electrically inhomogeneous medium. This last consists of the tumor tissue containing the MNP, say t , plus the surrounding healthy tissue, say , and the background medium (BM), wherein the ROI and the antennas are embedded. Later on, an exp(iωt) time dependence will be assumed and dropped, ω being the angular frequency and i the imaginary unit. 1 Now, let us denote with ε(r) the equivalent permittivity of the medium and with χ(r) the variation of the magnetic contrast (namely, the relative magnetic susceptibility) of the MNP in the tumor due to the switching of the applied PMF, r being the position vector with respect to a fixed Cartesian reference frame. For convenience, without any loss of generality, the origin of the frame is assumed in the barycenter of the MNP distribution. The difference, say (E n , H n ), of the fields scattered by the MNP, before and after the variation of their magnetic contrast, when the impinging field on the MNP is that generated by the n-th Tx antenna, is solution of the Maxwell's equations [11] :
In (1)-(2) µ 0 is the free space permeability and M n is the variation of the equivalent magnetic current induced in t by the presence of the MNP. In the case of electrically small tumors and weak magnetic contrast variations, like those achievable with a tolerable amount of MNP, the following expression can be confidently assumed for M n (distorted Born approximation):
where H i n is the MF generated by the n-th Tx antenna and impinging in t (i.e. the field in absence of the magnetic anomaly). As a result, the difference, say V − m , of the signals received by the m-th Rx antenna, due to M n induced in t , apart from an unessential constant factor, is given by:
where V + n is the amplitudes of the incident wave feeding the n-th Tx antenna and H i m is the pertinent magnetic Green function of the medium (including the presence of the antennas and, possibly, their coupling), which, by reciprocity, coincides with the MF radiated in t by the m-th antenna when operating in Tx mode. Accordingly, by replacing (3) in (4) and dividing by V + n , we obtain the following expression for the generic entry of S:
Now, by virtue of the assumption of electrically small tumor, we can expand the dot product between the MF in (5) in Maclaurin's series and truncate the expansion to the second order term in r. By doing so, and assuming a spherically symmetric distribution for χ (r) in t (this is a quite reasonable assumption in that, once injected, the MNP tend to spread uniformly in all directions, in the surrounding tissue [18] ), we obtain the following expression for s m,n (see Appendix):
In (6), R denotes an ''effective'' radius of the MNP distribution, whose maximum value (attained in the case of uniform distribution) is equal to the radius of t , k t and ζ t are the propagation constant and the characteristic impedance of the medium at r=0, i q is the unit vector along the x q -axis of the reference frame (q=1, 2, 3). Moreover, (6) only depends on the total amount of MNP in t .
From (6) , one can immediately see that, up to the retained order in k t R, S is the sum of three symmetric matrices. The dominant matrix, say S H0 , is related to the magnetic dipole moment (first term in (6)) of the equivalent magnetic current variation induced in t by the variation of the PMF. The two second order matrixes, say S E2 and S H2 , are related to the electric dipole (second term in (6)) and the magnetic quadrupole (third term in (6)) moments, respectively, of such current variation. S H0 is at most a matrix of rank three, 2 so that it has at most three singular values different from zero, to which three singular vectors do correspond. The MF radiated by the antenna array when fed by each of such singular vectors are the three different ways (along three orthogonal directions of the space) whereby the MF can be focused in t . The same holds for S E2 , but with reference to the EF. Instead, S H2 is at most a matrix of rank six (equal to the number of independent elements of ∇ s H i n[m] (0)), so that it has at most six singular values different from zero.
The following considerations are now in order. The singular vectors corresponding to the non-null singular values of S H0 are expected to be (nearly) orthogonal to those of S E2 and S H2 . The same is expected for the singular vectors of S E2 and S H2 . The first statement can be inferred by noting that when the MF is focused in t , its spatial derivatives in t are negligible and so are negligible the electric dipole and the 2 S H0 is the sum of three matrixes of rank 1, each corresponding to one of the three term of the dot product of the MF defining S H0 . magnetic quadrupole terms, which are related to the Jacobian matrix of the MF impinging in t . The second result can be inferred by noting that when the EF is focused in t , for symmetry, the MF lines wind around the focusing point and lie in the plane orthogonal to the EF direction. For such a MF it is easy to show that the symmetric part of the Jacobian matrix at the focusing point, hence the quadrupole moment, is (nearly) zero.
Accordingly, we can foresee that the first non-null singular values of S are practically coincident with those of S H0 , S E2 and S H2 . Moreover, the smaller is |k t R|, the smaller are the singular values of S E2 and S H2 as compared to those of S H0 , being S E2 and S H2 of second order in k t R as compared to S H0 . Therefore, for electrically small tumors, the curve of the singular values of S is expected being characterized by an abrupt drop (knee) delimiting the transition between the singular values of S H0 and those of S E2 and S H2 .
Above considerations lie at the basis of the synthesis strategies to determine, from the measurement of S, the vector of the antenna excitations, allowing to focus the EF on the tumor, without requiring any a priori knowledge of the geometry and of the electric properties of the ROI, as well as of its position with respect to the antenna array.
III. SYNTHESIS STRATEGIES
As already stressed in the Introduction, because S is dominated by the magnetic dipolar contribution, -see (6)-, we cannot set as excitation vector the dominant singular vector of S, as done in [11] , because this would determine the focusing of the MF rather than the EF [11] . Therefore, in order to deal with MNP an ad hoc synthesis strategy must be devised. In the next sub-sections we will present two different strategies.
The first one, say strategy A, is that proposed in [13] and is here revisited and described in detail. It determines the excitation vector, say e, by processing the elements of the main diagonal of S.
The second new, strategy, say strategy B, determines e as the singular vector of S corresponding to the electric dipole moment of the equivalent magnetic current variation in t .
A. STRATEGY A As anticipated, this strategy determines e from the elements of the main diagonal 3 of S. According to (6) , at the zero order in k t R, they are given by:
Let us notice that, independently of the magnitude of H i n (0) and/or the magnitude of χ(r), s n,n is zero if H i n (0) is circularly polarized, being zero the dot product of H i n (0) by itself. Therefore, a mandatory requirement for the application of strategy A is that the eccentricity of the polarization ellipse of H i n (0) is sufficiently different from zero, and it is expected that it works better the nearer to 1 is the eccentricity (i.e. H i n (0) almost linearly polarized). The fulfillment of such condition requires, at least, the employment of linearly polarized antennas. Under above polarization condition, s n,n is then (almost) proportional to the square of the complex phasor of H i n (0). If we further assume that the field behaves locally as a plane wave, s n,n will be also proportional to the square of the complex phasor of the corresponding EF, E i n (0), which is the sought quantity. Accordingly, under the above hypotheses, by applying the TR principle [3] , the n-th component of the (normalized) excitation vector e (i.e., the excitation of the n-th antenna of the array) is given by:
where the complex conjugation '' * '' corresponds in the frequency domain to a TR in the time domain (as usual, in (8) the symbol || · || 2 denotes the L 2 norm).
As the sign of e 1 can be arbitrarily set, there are 2 N−1 possible ways of choosing the signs in (8) . Of course, only one of them provides the right excitation vector, say e A , required to focus the EF onto t . To find e A , let us notice that, if we do not want to limit a priori the focusing capability of the array, the angular distance between its elements cannot be much larger than that between the sampling points required to suitably represent over the field radiated by an arbitrary source in [19] . This last is of the order of λ b /2R , where λ b is the wavelength in BM and R the radius of the smallest sphere enclosing [20] . Because in all practical instances the size of is larger than λ b , it is expected that if the MF radiated by two adjacent antennas interfere constructively in t , the same do the EF, which is just the condition we have to meet to focus the total EF in t . This allows to determine e A,n (n = 2, . . . , N), from the previously estimated e A,n−1 , by choosing the sign of e A,n in such a way that the MF radiated by the n-th and the (n-1)-th antennas interfere constructively in t . Now, the differential scattered field measured on is proportional to the MF impinging on t , see (3) . Accordingly the condition of constructive interference can be meet by evaluating the norm of the differential field scattered by the MNP for the two excitation vectors e ± n = (0, . . . , 0, e A,n−1 , ±e n , 0, . . . , 0), which differ from each other for the sign of e n , and looking for the maximum. This leads to the following recursive schema for the choice of e A,n :
e A,n = argmax Se − n 2 , Se + n 2 (9) which allows to determine e A starting from e A,1 , whose sign, as previously noted, can be arbitrarily chosen.
Should the adopted array have a number of elements significantly lower than that required to ensure a full VOLUME 5, 2017 re-configurability, possibly impairing the reliability of the above recursive procedure, a different (and computationally more demanding) approach could be exploited to set e A . To this end, let us note that if the EF radiated by the array is focused in t , the norm of the corresponding MF in t is expected being minimum. As a result, also the norm of the magnetic current variation induced in t , hence, the norm of the corresponding differential field scattered by the MNP and measured by the antenna array will be minimum. Accordingly, we have:
Due to its intrinsic discrete nature, some kind of genetic optimization algorithm could be profitably adopted to face the optimization problem defined in (10).
B. STRATEGY B
As all the information required for focusing the EF on the tumor is contained in the electric dipolar term S E2 , this strategy determines the antenna excitations by extracting such contribution from S. This goal can be successfully achieved by exploiting the results on the SVD of S inferred in Section II.
According to these results, for an electrically small tumor (|k t R| 1), the first non-null singular values (and the corresponding singular vectors) of S are essentially coincident with those of the terms S H0 , S E2 and S H2 . Moreover, due to different order in k t R of such terms, the curve of the singular values of S is expected to exhibit a knee, where the singular values before the knee (the highest ones) are related to S H0 , while the singular values immediately after are essentially those of S E2 and S H2 . The excitation vector, say e B , is then one of the singular vectors associated to the singular values immediately after the knee. Since it is reasonably expected that the electric dipolar term is dominant as compared to the magnetic quadrupolar term, the sought e B , is that associated to the first singular value after the knee.
As a concluding remark, we would like to stress that, like in [11] , strategy B relies on the individuation of the dominant singular value of the electric dipolar term S E2 of S. The substantial difference with the approach in [11] is that in the case of a localized variation of the electric contrast of the tumor, as in [11] , this task is straightforward, being S practically coincident with the sought electric dipolar term. Conversely, in the case at hand, the electric dipolar contribution is of higher order with respect to the magnetic dipolar one, so that its retrieving is not as trivial as in [11] and has, therefore, required an accurate analysis and physical interpretation of the SVD of S for its correct individuation.
C. COMPARISON BETWEEN STRATEGIES A AND B
As strategies A and B perform a different processing of S and rely on different requirements, it is expected that their performance can be different, depending on the case at hand.
Strategy A, while relying on assumptions whose fulfillment is difficult to assess a priori, exploits the dominant term of S, hence requires a signal-to-noise ratio (SNR) lower than strategy B, which, instead, exploits a higher order term of S. This is especially true for tumors of small size. Therefore, it could happen that the available SNR is suitable for an estimation of the excitations through strategy A, but not through strategy B.
On the other hand, strategy B, relying on less restrictive assumptions than strategy A, is expected to provide reliable results in a wider range of cases than strategy A.
Confidently, this should not be the case in hyperthermia where the MNP can be directly injected into the tumor, thus enabling the accumulation of an amount of hundreds mg of MNP [21] , [22] much larger than the one that has been successfully detected by using standard (i.e., cheap) MWI systems, of some mg of MNP [23] , [24] .
This makes the implementation of both strategies a concrete possibility. In this respect, it is worth noting that, as the two strategies rely on different assumptions, the agreement of their results is a good indicator of reliability. Moreover, they could be properly combined together in order to increase their effectiveness. For instance, one can use strategy A to obtained a preliminary estimation of the excitation vector to be used for a more precise individuation of the singular vector of S associated to the electric dipole moment of the induced magnetic current variation.
IV. NUMERICAL ANALYSIS
To test the effectiveness of the proposed synthesis strategies, we have carried out a numerical analysis, by considering as case study that of breast cancer. In order to assess their performance with respect to the tumor position and the robustness against measurement noise (even if this latter is expected to be not a critical point for the reasons outlined in Section III-C), a simplified 2D numerical analysis has been firstly carried out, whose results complement and confirm those reported in [13] . A comparison between the two strategies and a standard TR approach is also provided.
Then a 3D analysis has been carried out, whose results allows assessing the effectiveness of both the synthesis strategies in a realistic operative scenario.
A. 2D SIMULATION SET-UP
As breast model, we have exploited the realistic numerical phantoms of the online repository available at [25] . To test the focusing performance of the strategies in the worst case, an anatomically (and electromagnetically) dense breast (phantom ID 062204) has been considered. The 2D scenario has been obtained by extracting a slice from the 3D original phantom at a frequency of 1 GHz, the working frequency. Since this phantom is relative to a healthy patient, a circular tumor of 1 cm in size has been inserted, at the position positions (0, −2) cm. They are shown in Fig. 2 . The values assumed for the electric properties of the tumor are about 15% larger than those found for normal fibro/glandular tissue [26] . The assumed magnetic contrast variation in the tumor is χ = 0.015 − i0.025. This value was found experimentally for a sample of magnetite nanoparticles, of 10 nm in size, dispersed in water at a concentration of 17.5 mg Fe/mL [16] . Notice that the choice of the working frequency is a tradeoff between the need of maximizing the MNP contrast (hence the SNR) and the need of satisfying the conditions underlying strategies A and B.
As BM, we have considered distilled water (relative permittivity ε b = 78 and effective conductibility σ b = 0.23 S/m at 1 GHz), as this is the liquid usually employed as refrigerant in hyperthermia, in order to preserve both the skin and healthy tissue from excessive overheating.
The antenna array is made of ideal z-directed currents wires, 4 equally spaced along a ring of radius R = 10 cm, surrounding the breast. The number, N, of antennas has been set according to the theory of the degrees of freedom of the electromagnetic field [20] , which prescribes N ≈ 2|k b R | for an accurate and not redundant representation of the field on the observation line. Assuming R = 4.5 cm, at 1 GHz, N = 18.
B. 3D SIMULATION SET-UP
The 3D simulations have been performed with the aid of the CST Microwave Studio (trial version, kindly provided by the Computer Simulation Technology AG, Darmstadt, Germany). The breast model, the BM, the working frequency, 4 Each antenna radiates a TM wave, i.e. a wave having a single component of EF (along the z-axis), and two component of MF (lying in the x-y plane). Therefore, the original 3D vector problem reduces to a simpler 2D scalar problem, having the total EF always only one component along the z-axis. the number of antennas and the MNP concentration are the same as is the 2D analysis. For brevity, only one (spherical) tumor of 1 cm in size, located at (1, −1, 0) cm, has been considered, to which correspond a total amount of injected MNP of about m 0 = 9 mg Fe. This amount is well below the dosages employed in the clinical trials for the treatment of brain tumors (112÷616 mg Fe [21] ) and prostate tumors (56÷1300 mg Fe [22] ).
The whole system is enclosed in a bounding box of size 10 λ b × 10λ b × 6λ b , λ b being the wavelength in the BM. Each face of the box is located at a minimum distance of 2 λ b from the antennas and the breast. Moreover, on each face we have set an absorbing (i.e. open) boundary condition. Fig. 3 shows the (normalized) electric power distribution p e (r) 5 dissipated in the breast, which represents the quantity of actual interest in hyperthermia. In particular, panels (a) and (b) are relative to strategy A and strategy B, respectively. For comparison, in panel (c), we report the results obtained by applying the TR approach, namely by estimating the antenna excitations as the complex conjugate of the EF radiated by a proper elementary electric dipole located at the tumor center and evaluated at the antenna positions. By virtue of the reciprocity, these excitation are determined by computing, for each Tx antenna, the EF radiated at the tumor center (this obviously requires the knowledge of the electric scenario representing the ROI), building the matrix of the EF, S E2 in (6), and, finally, determining the first singular vector of such matrix (which is equivalent to consider the complex conjugate of the EF samples evaluated at the antenna positions).
C. 2D RESULTS
As it can be seen, an energy dissipation highly localized in the tumor is obtained with both the strategies. Moreover, these results compare very well with those obtained by the TR approach. From Fig. 3 , one can also notice that some ''hot spots'' take place, but they are unavoidable, at least by adopting an unconstrained synthesis, as they are also present in the TR results.
Even better results, not reported for brevity, have been observed in the case of anatomically (and electromagnetically) less dense breast models. Fig. 4 shows normalized amplitudes (panel a) and phases (panel b) of the estimated excitation vectors e A (red lines) and e B (black lines). Again for comparison, we also report the normalized amplitudes and phases of the excitation vectors, say e TR , estimated by applying the TR approach (blue lines). As it can be seen, both e A and e B compare very well to e TR , especially the phases (which are the quantities mainly affecting the focusing of the EF), thus further indicating the effectiveness of the proposed synthesis strategies. Fig. 4(c) shows, for two different tumor sizes, 10 and 16 mm, the singular values of S, normalized to the first (i.e. the largest) one. As expected -see Section II -there are two dominant singular values, related to the magnetic dipolar term in (6) . Instead, the third singular value is significantly smaller as compared to the first two and is related to the electric dipolar term of (6). 6 Moreover, the smaller is tumor the smaller is the third singular value, in agreement with the result in (6) that the third singular value is of second order in k t R.
A synthetic, and quite natural, measure of the focusing performance in FMH is given by the parameter:
namely the ratio between the mean electric power densities dissipated in the tumor and in the whole exposed healthy tissue, respectively (D can be seen as an extension of the well-known concept of directivity of an antenna to the case at hand). Moreover, since in MH one is also interested to keep low the secondary peaks of p e , in order to avoid harmful hot spots in the healthy tissue, another significant parameter to take into account is the ''side lobe level'':
where f is a domain of having the same shape and volume as t , but not intersecting t . In other words, SL compares the mean electric power dissipated in the tumor with that dissipated in any other region of the ROI having same shape and size of the tumor. Of course, the larger are D and SL the better is the focusing performance. Table I reports D and SL for 10 different tumor positions in the breast, including the one in Fig. 2 . From the results in Table I one can notice that in all the considered cases a value of D larger than 10 is obtained, indicating that the mean electric power density dissipated in the tumor is at least one order of magnitude larger than that dissipated in the exposed healthy tissue. Accordingly, it is confirmed that both the strategies allow a highly localized energy dissipation in the tumor. Moreover, for both the strategies, the values of D compare very well with those of the TR approach, which is the best one can do, in a completely unconstrained approach.
Regarding SL, except for cases 1 and 10, values not smaller than 2.5 are obtained for all the considered tumor positions. This means that the mean p e (r) dissipated in the tumor is at least 2.5 times that dissipated in any other region of having same volume and shape as the tumor. To check if this is enough to avoid the occurrence of harmful hot spot would require the solution of the bio-heat equation for the thermal transport, which is outside the purpose of this paper. However, by assuming, as a rough estimate, that the temperature raise in proportional to the heat power delivered to f (this is quite verified in mild hyperthermia, where the heating in the most of the heated healthy tissue does never exceed the 41-42 • C, which is the temperature above which the blood perfusion change significantly with the temperature [27] ) above result entails that for a temperature increase in the tumor of 5 • C, a temperature raise not larger than 2 • C is expected in the healthy tissue (i.e., 39 • C), which is well tolerated. This conclusion is reinforced by the fact that the secondary maxima of p e (r) occur at the breast periphery-see Fig. 3 -, where the heat exchange with the refrigerant BM is expected being more effective.
For tumor positions 1 and 10, a smaller SL is obtained, indicating the presence of a larger secondary peak of p e (r), as confirmed by the maps in Fig. 3 . This happens essential because the focusing is unconstrained, therefore, it does not assure the absence of significant secondary peaks of p e (r), especially for tumors near or embedded in a high loss region, as for the case under consideration. However, as already pointed out, this is a drawback common to all the unconstrained approaches, confirmed by the fact that we found this behavior also for the TR approach. From Table I one can also notice that, unlike D, the highest SL is not always obtained for the TR approach. This is not surprising because, the TR approach maximizes D, but not SL.
To complete the study, we have analyzed the robustness of both strategies A and B against the measurement noise. This has been carried out by adding to S a NxN random matrix, with complex Gaussian entries, having zero mean. The performance have been evaluated by estimating D and SL as a function of SNR, defined as the squared ratio of the L 2 norms of S and of the random matrix simulating the noise. The results are reported in Fig. 5 for the tumor position (and size) in Fig. 2 . Panel (a) shows the results for D, while panel (b) the results for SL. As it can be seen, both D and SL exhibit a drop (a reduction of about one half with respect to the value in absence of noise) occurring at SNR A ≈ 15 dB, for strategy, A and SNR B ≈ 20 dB for strategy B. This means that, at least for the case at hand, to be effective, strategy A requires a noise level at least 15 dB below the level of S, while strategy B requires a noise level at least 20 dB below. In our case, the level of the differential scattering matrix S turns out to be about 56 dB below that of the scattering matrix itself. Hence, we need a noise level not larger than −56-SNR A[B] , The following final remarks are in order. Strategy B requires a SNR approximately equal to the ratio between the singular value of S corresponding to the electric dipole (i.e. the third) and the highest one (i.e. the first). This is an expected result, as the level of the electric dipole moment is lower than the level of S of an amount approximately given by such ratio.
As foreseen, strategy A is more robust against the measurement noise than strategy B, even if it is not so much. This implies that the use of strategy A can be favorable, as compared with strategy B, for very small tumors. However, this advantage vanishes for larger tumor, as shown in Fig. 4(c) where for a tumor of 16 mm in size the ratio of the third and the first value, hence the level of the electric dipole moment of S, increase from one tenth to about one third (about 10 dB). From these results one can immediately notice that in all cases, a good focusing is obtained in the z=0 cut (see panels (a), (d) and (g)), i.e. in the plane where the antenna array lies, while the focusing worsens in the other (i.e. orthogonal) planes. This degradation is obviously due to the fact that an array consisting of only one ring of antennas has been adopted, and can be counteracted by employing more antennas rings, lying on different z planes.
D. 3D RESULTS
The most interesting outcome is that even in this realistic 3D case, our results compare very well with those obtained through the TR approach, as corroborated by the comparison of the antenna excitations, shown in Fig. 7 .
This further confirms the fact that the worse focusing observed in some directions is not due to a failure of the proposed strategies, but rather is intrinsic to the considered set-up (i.e. number, type, position and orientation of the antennas, working frequency, BM and so on). Another interesting outcome is that the antenna coupling (at least for the considered antennas) does not affect the effectiveness of the proposed strategies. This was to be expected, because the case of an actual array differs from the case of ideal sources for the fact that in the former case the BM is no longer homogeneous, but characterized by the presence of scatterers, namely the antennas and the array structure. However, this presence is reflected in the measured scattering matrix, and so it automatically taken into account in our blind approach, and has no effect on the capability of the devised strategies to estimate the right antenna excitations.
Of course, what could change are the focusing performance, so that a future study on the influence of the kind of antennas and of the array layout is certainly worthy.
V. CONCLUSIONS
A new approach to blind MH, exploiting MNP as contrast agents, has been investigated and numerically validated. In this approach, the antenna excitations are determined by measuring the DSM resulting from the contrast variation of the MNP in the tumor induced by an applied PMF.
The main advantage of this solution is that the change of the magnetic contrast of the MNP is obtained, in a fast, remote and reversible manner. This makes the focusing of the EF on the tumor much more robust with respect to unwanted variations of the electric scenario due to, for instance, to the patient's life activities. Moreover, it allows a continuous tuning of the antenna excitations, hence a reconfigurable focusing of the EF, to counteract possible loss of focusing due to changes of the electric scenario of the ROI during the treatment, in particular those due to the temperature variations.
The magnetic character of the induced contrast has required the development of ad hoc strategies for the synthesis of the excitations, which, together with the use of the MNP, represent the novelty of the proposed approach.
The results of an exhaustive 2D numerical analysis, carried out by employing a slice of realistic breast model, have shown the effectiveness of the approach for several tumor positions in the breast, as well as its robustness against measurement noise.
The effectiveness of the approach has been confirmed by a 3D analysis carried out by exploiting an accurate breast model and realistic antennas.
In conclusion, it is worth noting that, while the proposed approach enables the blind and reconfigurable focusing of the electric power on the tumor, it does not allow one to predict the input power required to heat up the tumor above the therapeutic temperature. Therefore, a continuous monitoring of the temperature during the treatment, to provide feedback for the determination of required input power, is mandatory also in this case, as always happens in hyperthermia. However, in this case only one thermometric probe, inserted in the tumor is required.
Future work will concern the assessment of the performance of the approach, in full 3D realistic case, for different set up and conditions (i.e. by varying the breast model, the tumor size, the working frequency, the BM, type of antennas), including the thermal analysis. The ultimate goal will be an experimental assessment of the effectiveness of the proposed approach.
APPENDIX
In this appendix we derive the expression of the element s n,m of the matrix S given in (6) . To this end, let us start by putting in (5) 
